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ON THE STRUCTURE OF NEARLY PSEUDO-KA¨HLER MANIFOLDS
LARS SCHA¨FER
Abstract. Firstly we give a condition to split off the Ka¨hler factor from a nearly pseudo-
Ka¨hler manifold and apply this to get a structure result in dimension 8. Secondly we extend the
construction of nearly Ka¨hler manifolds from twistor spaces to negatively curved quaternionic
Ka¨hler manifolds and para-quaternionic Ka¨hler manifolds. The class of nearly pseudo-Ka¨hler
manifolds obtained from this construction is characterized by a holonomic condition. The combi-
nation of these results enables us to give a classification result in (real) dimension 10. Moreover,
we show that a strict nearly pseudo-Ka¨hler six-manifold is Einstein.
Introduction
Nearly Ka¨hler geometry was introduced and studied in a series of papers by A. Gray in the
seventies in the context of weak holonomy. To our best knowledge he only considers pseudo-
Riemannian metrics in his paper on 3-symmetric spaces [13]. In the analysis of Killing spinors on
pseudo-Riemannian manifolds [14] nearly pseudo-Ka¨hler and nearly para-Ka¨hler manifolds appear
in a natural way. Levi-Civita flat nearly Ka¨hler manifolds provide a special class of solutions of
the topological-antitopological fusion equations on the tangent bundle [24, 25]. There is a strong
similarity to special Ka¨hler geometry. For these reasons we became interested in Levi-Civita flat
nearly Ka¨hler manifolds and were able to give a constructive classification [8, 9]. In particular it
follows, that non-Ka¨hlerian examples only exist in pseudo-Riemannian geometry and that the real
dimension is at least 12. In other words, nearly Ka¨hler geometry in the pseudo-Riemannian world
can be very different from the better-understood Riemannian world. In (real) dimension six nearly
pseudo-Ka¨hler manifolds satisfy an exterior system analogue to the Riemannian case. Details can
be found in [23]. This system is used there to study such structures on products G×G, where G
is a simple three-dimensional Lie group.
An interesting class of nearly Ka¨hler manifolds M4n+2 can be constructed from twistor spaces
over positive quaternionic Ka¨hler manifolds. This class is characterized [5, 19] by the reducibility
of the holonomy of the canonical connection ∇¯ to U(n) × U(1). We show in this article that the
twistor spaces over negative quaternionic Ka¨hler manifolds and para-quaternionic Ka¨hler manifolds
carry a nearly pseudo-Ka¨hler structure and characterize the class of such examples by a holonomic
condition.
Using this result, we classify nice and decomposable (cf. Definitions 2.7 and 2.10) nearly pseudo-
Ka¨hler manifolds in dimension ten.
Theorem A. Let (M10, J, g) be a nice decomposable nearly Ka¨hler manifold, then the universal
cover of M is either the product of a pseudo-Ka¨hler surface and a (strict) nearly pseudo-Ka¨hler
manifold M6 or a twistor space of an eight-dimensional (para-)quaternionic Ka¨hler manifold en-
dowed with its canonical nearly pseudo-Ka¨hler structure.
A strict nearly pseudo-Ka¨hler six-manifold M6 is shown to be Einstein in Theorem 2.11. In
dimension eight simply connected strict nearly pseudo-Ka¨hler manifolds are shown (Theorem 2.8)
to be products Σ ×M6 of a Riemannian surface Σ and a strict nearly pseudo-Ka¨hler manifold
M6.
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In the first section of this paper we recall the definition of a nearly pseudo-Ka¨hler manifold
and generalize some facts and curvature identities to arbitrary signature. In the second section
we give a general condition to split off the Ka¨hler factor from a nearly pseudo-Ka¨hler manifold,
see Theorem 2.5. Using some linear algebra of three-forms this shows the splitting result for nice
nearly pseudo-Ka¨hler manifolds in dimension 8. The argument also holds true for a Riemannian
metric and gives an alternative proof for the known result. If a nice nearly pseudo-Ka¨hler ten-
manifold is in addition decomposable, we find two cases: In the first we can split off the Ka¨hler
factor and in the second the holonomy of ∇¯ is reducible with a complex one dimensional factor.
This is one motivation to study twistor spaces. Before doing this in section four we recall some
information on pseudo-Riemannian submersions in the third section. In the pseudo-Riemannian
setting twistor spaces are a good source of examples, since quaternionic geometry is richer in
negative scalar curvature than in positive (cf. Remark 4.7) and since we have the additional class
of twistor spaces over para-quaternionic manifolds. In the last section we prove that a nearly
pseudo-Ka¨hler manifold M of twistorial type (cf. Definition 5.11) is obtained from the above
mentioned construction on a twistor space. This is done as follows: We prove that M comes
from a pseudo-Riemannian submersion π : M → N. Then we use the nearly Ka¨hler data on M to
endow N with the structure of a (para-)quaternionic manifold. The proof is finished by identifying
the twistor space of N withM. The former proofs [5, 19] in the Riemannian case all use the inverse
twistor construction of Penrose or LeBrun, which does not seem to be developed for the situations
occurring in this text. As the reader might observe, the approach presented here holds also true
for Riemannian metrics.
Acknowledgments. The author thanks Vicente Corte´s for discussions.
1. Nearly pseudo-Ka¨hler manifolds
Definition 1.1. An almost pseudo-hermitian manifold (M,J, g) is called nearly pseudo-Ka¨hler
manifold if it holds
(∇XJ)X = 0, ∀X ∈ Γ(TM),
where ∇ is the Levi-Civita connection of the (pseudo-)Riemannian metric g. A nearly pseudo-
Ka¨hler manifold is called strict if it holds ∇XJ 6= 0 for all X ∈ TM.
1.1. Curvature identities in the pseudo-Riemannian case. The starting point of a series of
curvature identities are
R(W,X, Y, Z) − R(W,X, JY, JZ) = g((∇WJ)X, (∇Y J)Z), (1.1)
R(W,X,W,Z) + R(W,JX,W, JZ) (1.2)
− R(W,JW,X, JZ) = 2g((∇WJ)X, (∇WJ)Z),
R(W,X, Y, Z) = R(JW, JX, JY, JZ), (1.3)
which were already proven for pseudo-Riemannian metrics by Gray [12]. Let {ei}
2n
i=1 be a local
orthonormal frame field, then the Ricci- and the Ricci*-tensor are given by
g(RicX, Y ) =
2n∑
i=1
ǫiR(X, ei, Y, ei), g(Ric
∗X,Y ) =
1
2
2n∑
i=1
ǫiR(X, JY, ei, Jei)
with ǫi = g(ei, ei) = g(Jei, Jei) and X,Y ∈ TM. The frame {ei}
2n
i=1 is called adapted if it holds
Jei = ei+n for i = 1, . . . , n. Then it follows using an adapted frame from equations (1.2) and (1.3)
that
g(rX, Y ) := g((Ric−Ric∗)X,Y ) =
2n∑
i=1
ǫi g((∇XJ)ei, (∇Y J)ei). (1.4)
Using the right hand-side we see
[J, r] = 0.
For the second derivative of the complex structure one has the identity
2g(∇2W,X(J)Y, Z) = −σX,Y,Z g((∇WJ)X, (∇Y J)JZ), (1.5)
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which was proven in [12] for Riemannian metrics and holds true in the pseudo-Riemannian setting,
cf. [14] Proposition 7.1. This identity implies
2n∑
i=1
ǫi∇
2
ei,ei
(J)Y = −r(JY ). (1.6)
1.2. The canonical connection and some of its properties. An important property of nearly
Ka¨hler geometry is the existence of a canonical Hermitian connection [10] (see [8] for pseudo-
Riemannian metrics). This is the unique connection ∇¯ with skew-symmetric torsion, which par-
allelizes the metric g and the almost complex structure J. Explicitely it is given by
∇¯XY = ∇XY −
1
2
J(∇XJ)Y, for X,Y ∈ Γ(TM) (1.7)
and its torsion equals T¯ (X,Y ) = −J(∇XJ)Y.
Proposition 1.2. Denote by ∇¯ the canonical connection of a nearly pseudo-Ka¨hler manifold
(M,J, g). Then one has ∇¯(T ) = ∇¯(∇J) = 0.
Proof. The proof given in [5] essentially uses the explicit form (1.7) of the connection ∇¯ and the
identity (1.5). Therefore the proposition generalizes to the pseudo-Riemannian case. 
From Proposition 1.2 and the relation (1.7) of ∇ and ∇¯ one obtains the following identities for
the curvature tensor R¯ of ∇¯ and the curvature tensor R of the Levi-Civita connection ∇
R¯(W,X, Y, Z) = R(W,X, Y, Z)−
1
2
g((∇WJ)X, (∇Y J)Z)
+
1
4
[g((∇WJ)Y, (∇XJ)Z)− g((∇WJ)Z, (∇XJ)Y )] (1.8)
=
1
4
[3R(W,X, Y, Z) +R(W,X, JY, JZ)
+ σXY ZR(W,X, JY, JZ)],
R¯(W,JW, Y, JZ) =
1
4
[5R(W,JW, Y, JZ)
− R(W,Y,W,Z)−R(W,JY,W, JZ)]. (1.9)
With the help of the equation (1.8) it follows
R¯(W,X, Y, Z) = R¯(Y, Z,W,X) = −R¯(X,W, Y, Z) = −R¯(W,X,Z, Y ). (1.10)
Using ∇¯J = 0 and ∇¯g = 0 we obtain
R¯(W,X, Y, Z) = R¯(W,X, JY, JZ) (1.11)
= R¯(JW, JX, Y, Z) = R¯(JW, JX, JY, JZ).
The general form of the first Bianchi identity (cf. chapter III of [16]) for a connection with torsion
yields in the case of parallel torsion:
σ
XY Z
R¯(W,X, Y, Z) = − σ
XYZ
g((∇WJ)X, (∇Y J)Z). (1.12)
In a similar way we get from the second Bianchi identity (cf. chapter III of [16]) for a connection
with parallel torsion or from the second Bianchi identity for ∇
− σ
VWX
∇¯V (R¯)(W,X, Y, Z) = σ
VWX
R¯((∇V J)JW,X, Y, Z). (1.13)
From deriving equation (1.8) and the second Bianchi identity of ∇ one gets after a direct compu-
tation
σ
VWX
∇V (R¯)(W,X, Y, Z) =
1
2
g((∇Y )Z, σ
VWX
(∇XJ)(∇V J)JW ), (1.14)
which implies
σ
VWX
∇V (R¯)(W,X, Y, JY ) = 0. (1.15)
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Proposition 1.3. The tensor r on a nearly pseudo-Ka¨hler manifold (M,J, g) is parallel with
respect to the canonical connection ∇¯.
Proof. Deriving g(rX,X) =
∑2n
i=1 ǫig((∇eiJ)X, (∇eiJ)X) one obtains
g((∇Ur)X,X) = 2
2n∑
i=1
ǫig((∇
2
U,ei
J)X, (∇eiJ)X)
(1.5)
= −
2n∑
i=1
ǫi[g((∇UJ)ei, (∇XJ)J(∇eiJ)X)
+ g((∇UJ)(∇eiJ)X, (∇eiJ)JX)
+ g((∇UJ)X, (∇(∇eiJ)XJ)Jei)].
We observe that in the first two terms exchanging ei by Jei gives a minus sign. Hence taking an
adapted orthogonal frame {ei}
2n
i=1 yields:
g((∇Ur)X,X) =
2n∑
i=1
ǫig((∇UJ)X, (∇JeiJ)(∇eiJ)X) = −
2n∑
i=1
ǫig((∇UJ)X, (∇eiJ)(∇eiJ)JX)
=
2n∑
i=1
ǫig((∇eiJ)(∇UJ)X, (∇eiJ)JX) = g(r(∇UJ)X, JX).
Polarizing this expression shows using that r is g-symmetric the following identity
g ((∇U r)X,Y ) =
1
2
g(r(∇UJ)X, JY ) +
1
2
g(JX, r(∇UJ)Y ).
As the difference of ∇¯ and ∇ is − 12J∇J the last equation is exactly ∇¯r = 0. 
Theorem 1.4. Let (M,J, g) be a nearly pseudo-Ka¨hler manifold and let W,X be vector fields
on M then it holds
2n∑
i,j=1
ǫiǫjg(rei, ej) [R(W, ei, X, ej)− 5R(W, ei, JX, Jej)] = 0. (1.16)
Proof. Let {ei}
2n
i=1 be an adapted orthogonal frame field. One observes
2n∑
i=1
ǫiR¯(W,X, ei, (∇V J)ei)
(1.11)
=
1
2
2n∑
i=1
ǫi
[
R¯(W,X, ei, (∇V J)ei)
− R¯(W,X, Jei, (∇V J)Jei)
]
= 0
and one gets after derivation of the left hand-side
2n∑
i=1
ǫi
[
∇U
(
R¯)(W,X, ei, (∇V J)ei
)
+ R¯
(
W,X, ei,∇
2
U,V (J)ei
)]
= 0. (1.17)
Taking the trace in U, V and applying the identity (1.6) yields on the second term
2n∑
i,k=1
ǫiǫk
[
R¯
(
W,X, ei,∇
2
ek,ek
(J)ei
)]
=
2n∑
i=1
ǫiR¯ (W,X, ei,−r(Jei))
= −
2n∑
i,j=1
ǫiǫjg(rei, ej)R¯ (W,X, ei, Jej) .
From (1.9) we obtain
4R¯ (W,JW, ei, Jej) = 5R(W,JW, ei, Jej)−R(W, ei,W, ej)−R(W,Jei,W, Jej).
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The first Bianchi identity using an adapted frame implies for i, j ∈ {1, . . . , n}:
R(W,JW, ei, Jej) = −R(JW, ei,W, Jej)−R(ei,W, JW, Jej)
= −R(W,Jej, JW, ei) +R(W, ei, JW, Jej)
= R(W, ej+n, JW, Jei+n) +R(W, ei, JW, Jej).
In an adapted frame it is g(rei+n, ej+n) = g(rei, ej) with i, j ∈ {1, . . . , n}. Therefore taking the
trace in an adapted frame and polarizing yields the claimed identity if we show the vanishing of
the trace on the first term of (1.17).
2n∑
i,j=1
ǫiǫj∇ej
(
R¯)(W,JW, ei, (∇ejJ)ei
)
=
2n∑
i,j,k=1
ǫiǫjǫk g((∇ejJ)ei, ek)∇ej
(
R¯
)
(W,JW, ei, ek)
=
1
3
2n∑
i,j,k=1
σ
ijk
[
ǫiǫjǫkg((∇ejJ)ei, ek)∇ej (R¯)(W,JW, ei, ek)
]
.
Since ǫiǫjǫkg((∇ejJ)ei, ek) is constant under cyclic permutation of i, j, k, the last expression van-
ishes as a consequence of the curvature identities (1.10) and the identity (1.15). Polarization in
W finishes the proof. 
2. First structure results
2.1. Small dimensions. For a nearly pseudo-Ka¨hler manifold ∇ω is a differential form of type
(3, 0) + (0, 3). In consequence real two- or four-dimensional nearly pseudo-Ka¨hler manifolds are
automatically pseudo-Ka¨hler. Six dimensional nearly pseudo-Ka¨hler manifolds are either pseudo-
Ka¨hler manifolds or strict nearly pseudo-Ka¨hler manifolds. In the strict case a nearly pseudo-
Ka¨hler manifold (M6, J, g) is of constant type, i.e. it holds
g((∇XJ)Y, (∇XJ)Y ) = α
(
g(X,X)g(Y, Y )− g(X,Y )2 − g(JX, Y )2
)
. (2.1)
The sign of the type constant α depends on the signature (p, q) with p + q = 6. In fact it is
sign(α) = sign(p− q), see section 7 of [14].
2.2. Linear algebra of three-forms. In the following section we consider a (finite dimensional)
pseudo-hermitian vector space (V, J, 〈·, ·〉). Let η ∈ Λ3V ∗ be a three-form. We define the support
of η by
Ση = span{XyY yη |X,Y ∈ V } ⊂ V, (2.2)
where we identified V and V ∗ by means of 〈·, ·〉. The name support is motivated by the observation,
that for a given η ∈ Λ3V ∗ it already holds η ∈ Λ3Σ∗η, compare Lemma 7 of [8].
In the present paper we are essentially interested in the three-form gp((∇XJ)pY, Z) forX,Y, Z ∈
TpM on a nearly pseudo-Ka¨hler manifold (M,J, g). This three-form is a real form of type (3, 0)+
(0, 3). The type condition implies that Ση is a J-invariant subspace. In particular it follows that
the complex dimension of the support of a non-zero such form is at least three.
In [8] the classification of Levi-Civita flat nearly Ka¨hler manifolds was related to the existence
of real three-forms of type (3, 0) + (0, 3) with isotropic support, i.e. such that Ση is an isotropic
subspace.
We define the kernel of a three-form η ∈ Λ3V ∗ by K = Kη = ker(X 7→ Xyη).
Lemma 2.1. One has K = Σ⊥η and Ση = K
⊥.
Proof. Suppose, that X is in Kη, i.e. Xyη = 0. By definition Ση is spanned by vectors U satisfying
〈U, ·〉 = η(Y, Z, ·) for Y, Z ∈ V. This implies 〈U,X〉 = η(Y, Z,X) = 0, since η is a three-form. If X
is perpendicular to Ση the claim follows from the last equation and η ∈ Λ
3Σ∗η. This means X is
in Kη if and only if X is perpendicular to Ση. It follows Ση = K
⊥. 
Lemma 2.2. Let (V, J, 〈·, ·〉) be a pseudo-hermitian vector space with dimR(V ) = 8 then a real
three-form η of type (3, 0) + (0, 3) and of non-vanishing length has a (complex) one dimensional
kernel Kη, which admits an orthogonal complement (Kη)
⊥. Moreover one has Ση = (Kη)⊥.
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Proof. Let us identify V and V 1,0. Denote by {αi}
4
i=1 a unitary basis of (V
1,0)∗ and define a
(4, 0)-form v by v = α1 ∧ α2 ∧ α3 ∧ α4. The map
Φ : V 1,0 → Λ3(V 1,0)∗, ζ 7→ ζyv
yields an isometry. Therefore the (3, 0)-form ρ = η + iJ∗η is given by ρ = Zyv for some Z ∈ V 1,0
and consequently it follows Zyρ = 0. As Φ is an isometry and ρ has non-zero length, we conclude
that Z is not isotropic. Denote by L ⊂ Kρ the complex line spanned by Z and by L
⊥ ⊃ K⊥ρ its
orthogonal complement. It remains to prove L = K : On the one hand we have Σρ = K
⊥
ρ ⊂ L
⊥
and on the other hand from ρ 6= 0 we get dimCΣρ ≥ 3 = dimCL
⊥. This shows Σρ = L⊥ and
Kρ = L. 
Remark 2.3. As the reader observes, if η has length zero, one can replace the orthogonal comple-
ment by the null-space and obtain an analogous statement as in the last proposition.
Lemma 2.4. Let (V, J, 〈·, ·〉) be a pseudo-hermitian vector space with dimR(V ) = 10 then a real
three-form η of type (3, 0) + (0, 3) and of non-vanishing length is of the following possible types:
(i) There exists an orthonormal real basis {fi}
10
i=1 = {e1, Je1, . . . , e5, Je5} and real numbers
α, β such that
η(e1, e2, e3) = α 6= 0; η(e4, e5, e1) = β (2.3)
and η(fi, fj, fk) = 0 for the cases which are not obtained from (2.3) by skew-symmetry
and type relations.
(ii) There exists an orthonormal real basis {fi}
10
i=1 = {e1, Je1, . . . , e5, Je5} and real numbers
α, β such that
η(e1, e2, e3) = α 6= 0; η(e4, e5, e1 + e3) = β with 〈e1, e1〉 = −〈e3, e3〉 (2.4)
and η(fi, fj, fk) = 0 for the cases which are not obtained from (2.4) by skew-symmetry
and type relations.
Proof. Denote by {αi}
5
i=1 a unitary basis of (V
1,0)∗ and define a (5, 0)-form v by v = α1 ∧ α2 ∧
α3 ∧ α4 ∧ α5. The map
Φ : Λ2V 1,0 → Λ3(V 1,0)∗, ϕ 7→ ϕyv
yields an isometry. Therefore the (3, 0)-form ρ = η+iJ∗η is given by ρ = ϕyv for some ϕ ∈ Λ2V 1,0.
As Φ is an isometry and η has non-zero length, we conclude that ϕ is not isotropic. Define
Z ∈ (V 1,0)∗ by Z = ϕyρ = ϕy(ϕyρ). From 〈Z,Z〉 = 〈ϕ, ϕ〉2〈ρ, ρ〉 we obtain that Z is not isotropic.
Choosing a unitary basis { 1√
2
(e1− iJe1),
1√
2
(e2− iJe2)} of the plane ϕ and Z = α
′ 1√
2
(e3− iJe3)
∗
for a unit vector e3 ∈ V and α
′ ∈ R−{0} we consider B1,0 := { 1√
2
(e1−iJe1),
1√
2
(e2−iJe2),
1√
2
(e3−
iJe3)}.
Claim: For ζ, χ ∈ spanC B
1,0 it follows ρ(ζ, χ, ·) ∈ spanC (B
1,0)∗.
Let us define the map Φ˜ : Λ2(spanC B
1,0)→ (V 1,0)∗, by linear extension of ζ ∧ χ 7→ ρ(ζ, χ, ·).
We observe that Λ2(spanC B
1,0) is a vector space of complex dimension three, which implies that
dimC(im Φ˜) ≤ 3. As ρ is a three-form one easily sees that the duals of ej − iJej for j = 1, 2, 3
are contained in im Φ˜. By the bound on the dimension of im Φ˜ the components orthogonal to
(spanB1,0)∗ vanish. This proves the claim.
Let W be the orthogonal complement of spanCB
1,0. Choose an orthogonal basis {e4 − iJe4, e5 −
iJe5} of W. Using that ρ is skew-symmetric we conclude that Z˜ = ρ(e4 − iJe4, e5 − iJe5, ·) is
perpendicular to the dual W ∗ of W and hence an element Z˜ of (spanCB
1,0)∗. If 〈Z˜, Z˜〉 6= 0
we can adapt the basis of B1,0 such that Z˜ = β′ 1√
2
(e1 − iJe1)
∗. If 〈Z˜, Z˜〉 = 0 we can achieve
Z˜ = β′ 1√
2
[(e1 − iJe1) + (e3 − iJe3)] with 〈e1, e1〉 = −〈e3, e3〉. Passing to the real basis yields
some new constants α, β and the claim of the Lemma. 
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2.3. Ka¨hler factors and the structure in dimension 8. The aim of this subsection is to split
off the pseudo-Ka¨hler factor of a nearly pseudo-Ka¨hler manifold. This will be done by means of
the kernel of ∇J and allows to reduce the (real) dimension from eight to six.
For p ∈M we set
Kp = ker(X ∈ TpM 7→ ∇XJ).
Theorem 2.5. Let (M,J, g) be a nearly pseudo-Ka¨hler manifold. Suppose, that the distribution
K has constant dimension and admits an orthogonal complement,
(i) then M is locally a pseudo-Riemannian product M = K×M1 of a pseudo-Ka¨hler manifold
K and a strict nearly pseudo-Ka¨hler manifold M1.
(ii) if M is complete and simply connected then it is a pseudo-Riemannian product M =
K ×M1 of a pseudo-Ka¨hler manifold K and a strict nearly pseudo-Ka¨hler manifold M1.
Proof. The distribution K is parallel for the canonical connection ∇¯, since ∇J is ∇¯-parallel. By
the formula (1.7) and the nearly Ka¨hler condition it follows ∇¯XK = ∇XK for sections K in K
and X in TM. This implies that K is parallel for the Levi-Civita connection and in consequence its
orthogonal complement (K)⊥ is Levi-Civita parallel. The proof of (i) finishes by the local version
of the theorem of de Rham and the proof of (ii) by the global version. 
Remark 2.6. There exist nearly pseudo-Ka¨hler manifolds (M,J, g) without pseudo-Ka¨hler de
Rham factor, such that Kη 6= {0} admits no orthogonal complement. In fact there are Levi-Civita
flat nearly pseudo-Ka¨hler manifolds constructed in Theorem 1 and 3 of [8] such that the three-
form ηp(X,Y, Z) = gp(J(∇XJ)Y, Z), for p ∈ M, has a support Ση ⊂ TpM which is a maximally
isotropic subspace (Here we identified TpM and T
∗
pM via the metric g.). Obviously, J(∇XJ)Y
and J(∇UJ)V are elements of the support of η for arbitrary X,Y, U, V ∈ TpM. It then follows
0 = g(J(∇XJ)Y, J(∇UJ)V ) = g(J(∇J(∇XJ)Y J)U, V ) for all V ∈ TpM. Hence it is Ση ⊂ Kη.
Moreover for general reasons we have shown before Ση = K
⊥
η which shows Kη ∩K
⊥
η 6= {0} for the
above examples. From these examples we learn, that the Theorem 2.5 does not hold true, if there
is no orthogonal complement.
Definition 2.7. A nearly pseudo-Ka¨hler manifold (M,J, g) is called nice if the three-form
g((∇·J)·, ·) has non-zero length in each point p ∈M.
Theorem 2.8. Let (M8, J, g) be a complete simply connected eight-dimensional nice nearly
pseudo-Ka¨hler manifold. Then M = M1 ×M2 where M1 is a two-dimensional Ka¨hler manifold
and M2 is a six-dimensional strict nearly pseudo-Ka¨hler manifold.
Proof. Since (M,J, g) is a nice nearly pseudo-Ka¨hler manifold we can use Lemma 2.2 to obtain an
orthogonal splitting in the two-dimensional distribution K and its orthogonal complement, which
coincides with Ση. Therefore we are in the situation of Theorem 2.5 (ii). 
2.4. Einstein condition versus reducible holonomy.
Theorem 2.9. Let (M,J, g) be a nearly pseudo-Ka¨hler manifold.
(i) Suppose that r has more than one eigenvalue, then the canonical Hermitian connection
has reduced holonomy.
(ii) If the tensor field r has exactly one eigenvalue then M is a pseudo-Riemannian Einstein
manifold.
Proof. (i) Let µi for i = 1, . . . , l be the eigenvalues of r. Then the decomposition in the according
eigenbundles Eig(µi) is ∇¯-parallel and hence its holonomy is reducible.
(ii) From the identity of Theorem 1.4 and r = µ1TM we obtain
0 =
2n∑
i=1
ǫi (R(W, ei, X, ei)− 5R(W, ei, JX, Jei)) = g((Ric− 5Ric
∗)W,X),
where we used the Bianchi identity and an adapted frame to obtain the last equality. This shows
comparing with r = Ric−Ric∗ that it holds Ric = 54µ. 
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Let us recall, that in the pseudo-Riemannian setting the decomposition into the eigenbundles
is not automatically ensured to be an orthogonal direct decomposition. Therefore we introduce
the following notion:
Definition 2.10. A nearly pseudo-Ka¨hler manifold (M,J, g) is called decomposable if the above
decomposition into the eigenbundles of the tensor r is orthogonal.
Theorem 2.11. A strict nearly pseudo-Ka¨hler six-manifold (M6, J, g) of constant type α is a
pseudo-Riemannian Einstein manifold with Einstein constant 5α.
Proof. In an adapted basis we obtain from the symmetries of ∇J
g(rX,X) = 2
3∑
i=1
ǫi g((∇XJ)ei, (∇XJ)ei) = −2
3∑
i=1
ǫi g((∇XJ)
2ei, ei).
This is exactly minus the trace of the operator (∇XJ)
2 which has a simple form in a cyclic frame.
It follows after polarizing g(rX, Y ) = 4αg(X,Y ). From Theorem 2.9 we compute the Einstein
constant 5α where α is the type constant of the strict nearly pseudo-Ka¨hler manifold M6. 
Proposition 2.12. Let (M10, J, g) be a nice nearly pseudo-Ka¨hler ten-manifold.
(i) Then the tensor r in a frame of the first type in Lemma 2.4 is given by
re1 = 4(α
2 + β2)e1,
re2 = 4α
2e2, re3 = 4α
2e3,
re4 = 4β
2e4, re5 = 4β
2e5,
r(Jei) = Jr(ei), i = 1, . . . , 5,
where α, β are constants.
(ii) For a frame of the second type in Lemma 2.4 the tensor r is given by
r
 e1e2
e3
 = 4
 α
2 + β2ǫ4ǫ5 0 β
2ǫ4ǫ5
0 α2 0
β2ǫ4ǫ5 0 α
2 + β2ǫ4ǫ5

 e1e2
e3

re4 = 0,
re5 = 4 β
2(2ǫ1ǫ4 − 1)e5,
r(Jei) = Jr(ei), i = 1, . . . , 5.
The eigenvalues are {0; 4α2; 4 β2(2ǫ1ǫ4 − 1); 4(α
2 + 2β2ǫ4ǫ5)}, where the eigenbundles are
given as
Ker(r) = span{e4, Je4},
Eig(r, 4α2) = span{−e1 + e3, e2,−Je1 + Je3, Je2},
Eig(r, 4 β2(2ǫ1ǫ4 − 1)) = span{e5, Je5},
Eig(r, 4(α2 + 2β2ǫ4ǫ5))) = span{e1 + e3, Je1 + Je3},
where α, β are constants. For β2 6= 0 the second case is not decomposable.
(iii) Suppose β = 0 in the case (i) and (ii). Then it follows
Eig(r, 4α2) = span{e1, e2, e3, Je1, Je2, Je3},
Ker(r) = span{e4, e5, Je4, Je5}.
Proof. In an adapted basis we obtain from the symmetries of ∇J
g(rX, Y ) = 2
5∑
i=1
ǫi g((∇XJ)ei, (∇Y J)ei) = −2
5∑
i=1
ǫi g((∇Y J)(∇XJ)ei, ei).
This is exactly minus the trace of the operator (∇Y J)(∇XJ). Using the form of Lemma 2.4 one
can calculate r by hand or using computer algebra systems to obtain the claimed results. 
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Theorem 2.13. Let (M10, J, g) be a complete simply connected nice decomposable nearly pseudo-
Ka¨hler manifold of dimension ten. Then M10 is of one of the following types
(i) the tensor r has a kernel and M10 = K ×M6 is a product of a four-dimensional pseudo-
Ka¨hler manifold K and a strict nearly pseudo-Ka¨hler six-manifold M6.
(ii) the tensor r has trivial kernel and r has eigenvalues 4(α2+β2) with multiplicity 2, 4α2, 4β2
with multiplicity 4 for some α, β 6= 0,
A nice nearly pseudo-Ka¨hler manifold (M10, J, g) is decomposable if the dimension of the kernel
of r is not equal to two.
Proof. Since we suppose, that (M10, J, g) is a nice and decomposable nearly pseudo-Ka¨hler man-
ifold, Proposition 2.12 implies that one has the two different cases:
(i) the distribution K, which is the tangent space of the Ka¨hler factor has dimension four and
admits an orthogonal complement of dimension six. This is part (iii) of Proposition 2.12. Part (i)
of the Theorem now follows from Theorem 2.5.
(ii) the tensor r has trivial kernel and we are in the situation of Proposition 2.12 part (i) with
α, β 6= 0 and part (ii) follows. 
Remark 2.14. Nearly pseudo-Ka¨hler manifolds falling in the second case of the last theorem will
be shown to be related to twistor spaces in section 5.5.
3. Pseudo-Riemannian submersions
Let us consider the setting of a pseudo-Riemannian submersion π : (M, g) → (N, h). The
tangent bundle TM of M splits orthogonally into the direct sum
TM = H⊕ V . (3.1)
Denote by ιH, ιV the canonical inclusions and by πH, πV the canonical projections. We recall the
definition [3, 21] of the fundamental tensorial invariants A and T of the submersion π
Tζ = πH ◦ ∇piV(ζ) ◦ πV + πV ◦ ∇piV(ζ) ◦ πH,
Aζ = πH ◦ ∇piH(ζ) ◦ πV + πV ◦ ∇piH(ζ) ◦ πH,
where ζ is a vector field on M.
The components of the Levi-Civita connection ∇ are given in the next proposition (compare [21],
[3] 9.24 and 9.25).
Proposition 3.1. Let π : (M, g) → (N, h) be a pseudo-Riemannian submersion, denote by ∇
the Levi-Civita connection of g and define ∇V := πV ◦∇◦ ιV . For vector fields X,Y in H and U, V
in V we have the following identities
∇UV = ∇
V
UV + TUV, (3.2)
∇UX = TUX + πH(∇UX), (3.3)
∇XU = πV(∇XU) +AXU, (3.4)
∇XY = AXY + πH(∇XY ), (3.5)
πV [X,Y ] = 2AXY, (3.6)
g(AXY, U) = −g(AXU, Y ), or more generally A is alternating. (3.7)
The canonical variation of the metric g for t ∈ R− {0} is given by
gt :=

g(X,Y ), for X,Y ∈ H,
tg(V,W ), for V,W ∈ V ,
g(V,X) = 0, for V ∈ V , X ∈ H.
Lemma 3.2. Denote by X,Y vector fields in H and by U, V vector fields in V .
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(1) Let At and T t be the tensorial invariants for gt and A and T those for g = g1. Then it
holds
AtXY = AXY, A
t
XU = tAXU and (3.8)
T tUV = tTUV, T
t
UX = TUX ; (3.9)
(2) ∇tVU V = ∇
V
UV ;
(3)
πH(∇tXY ) = πH(∇XY ) and πV (∇
t
XV ) = πV(∇XV ); (3.10)
(4)
πH(∇tVX −∇VX) = (t− 1)AXV ; (3.11)
∇tUV = ∇UV + (t− 1)TUV. (3.12)
Proof. The first part can be found in Lemma 9.69 of [3]. On the right hand-side of the Koszul
formulas one only needs the metric gt on V to determine∇
tV . This shows∇tV = ∇V . An analogous
argument using the Koszul formulas shows πH(∇tXY ) = πH(∇XY ) and πV(∇tXV ) = πV(∇XV ).
The first part of the point (4) follows from the identities (3.6) and (3.7) and the Koszul formulas.
The last equation follows from (1) and (2): ∇tUV = ∇
tV
UV + T
t
UV = ∇
V
UV + tTUV = ∇UV + (t−
1)TUV. 
4. Twistor spaces over quaternionic and para-quaternionic Ka¨hler manifolds
In this section we consider pseudo-Riemannian submersions π : (M, g)→ (N, h) endowed with
a complex structure J on M which is compatible with the decomposition (3.1).
Lemma 4.1. Let π : (M, g) → (N, h) be a pseudo-Riemannian submersion endowed with a
complex structure J on M which is compatible with the decomposition (3.1). Then (M, g, J) is a
pseudo-Ka¨hler manifold if and only if the following equations are satisfied
πH((∇XJ)Y ) = πH((∇V J)X) = 0, (4.1)
(∇VUJ)V = πV ((∇XJ)V ) = 0, (4.2)
AX(JY )− JAXY = 0, AX(JV )− JAXV = 0, (4.3)
TV (JX)− JTVX = 0, TU (JV )− JTUV = 0, (4.4)
where X,Y are vector fields in H and U, V are vector fields in V .
Proof. Let X,Y be vector fields inH and U, V be vector fields in V . Then it follows from comparing
components in H⊕ V
(∇XJ)Y = πH((∇XJ)Y ) + πV(∇XJ)Y ) = πH((∇XJ)Y ) + (AX(JY )− JAXY ),
(∇XJ)V = πH((∇XJ)V ) + πV(∇XJ)V ) = πV((∇XJ)V ) + (AX(JV )− JAXV ),
(∇V J)X = πH((∇V J)X) + πV(∇V J)X) = πH((∇V J)X) + (TV (JX)− JTVX),
(∇UJ)V = πH((∇UJ)V ) + πV(∇UJ)V ) = (∇VUJ)V + (TU (JV )− JTUV ).

Further we define a second complex structure by
Jˆ :=
{
J on H,
−J on V .
We observe that
ˆˆ
J = J. This construction was made in [19] for the Riemannian setting and imitates
the construction on twistor spaces.
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Proposition 4.2. Suppose, that the foliation induced by the pseudo-Riemannian submersion
π is totally geodesic and that (M,J, g) is a pseudo-Ka¨hler manifold and J is compatible with
the decomposition (3.1), then the manifold (M, gˆ = g 1
2
, Jˆ) is a nearly pseudo-Ka¨hler manifold.
The distributions H and V are parallel with respect to the canonical Hermitian connection ∇¯ of
(M, gˆ, Jˆ). In other words the nearly pseudo-Ka¨hler manifold (M, gˆ, Jˆ) has reducible holonomy.
Proof. Let U, V be vector fields in V and X,Y be vector fields in H : In the following ∇ˆ is the Levi-
Civita connection of gˆ. Since the fibers are totally geodesic, i.e. T ≡ 0, we obtain from equation
(3.2), that ∇ˆUV = ∇ˆ
V
UV + TˆUV = ∇
V
UV + TUV = ∇UV, which yields (∇ˆU Jˆ)V = −(∇UJ)V = 0.
In the sequel we denote the O’Neill tensors of the pseudo-Riemannian foliations induced by V on
(M, g) and on (M, gˆ) by A and Aˆ, respectively. From Lemma 3.2 it follows AXY = AˆXY and
consequently the same Lemma yields ∇XY = ∇ˆXY.
Since (M, g) is Ka¨hler, Lemma 4.1 implies A ◦ J = J ◦A and we compute
(∇ˆX Jˆ)Y = ∇ˆX(JˆY )− Jˆ∇ˆXY (4.5)
= πH[∇ˆX(JY )] + πV [∇ˆX(JY )]− Jˆ(πH(∇ˆXY ) + πV(∇ˆXY ))
= πH[∇ˆX(JY )− J∇ˆXY ] + πV [∇ˆX(JY ) + J∇ˆXY ]
= πH((∇ˆXJ)Y ) + AˆX(JY ) + JAˆXY
(3.8),(3.10),(4.3)
= πH((∇XJ)Y ) + 2AX(JY )
(4.1)
= 2AX(JY ) = 2JAXY.
With the identity AXV = 2AˆXV of Lemma 3.2 we get
(∇ˆX Jˆ)V = ∇ˆX(JˆV )− Jˆ∇ˆXV (4.6)
= −πV(∇ˆX(JV ))− πH(∇ˆX(JV )) + JπV(∇ˆXV )− JπH(∇ˆXV )
= −πV((∇ˆXJ)V )− AˆXJV − JAˆXV
(3.8),(3.10),(4.3)
= −πV((∇XJ)V )− JAXV = −AXJV.
The vanishing of the second fundamental form T, equation (3.9) and a second time AXV = 2AˆXV
show
(∇ˆV Jˆ)X = πV(∇ˆV (JX)) + πV(J∇ˆVX) + πH(∇ˆV (JX)− J∇ˆVX) (4.7)
(3.11)
= TˆV (JX) + J(TˆVX) + πH((∇V J)X) +
1
2
(JAXV −AJXV ) = JAXV,
where we used AJXV = −JAXV which follows, since AX is alternating (compare equation (3.7))
and commutes with J. The next Lemma finishes the proof. 
Lemma 4.3. 1.) Suppose, that (M, Jˆ, gˆ) is a nearly pseudo-Ka¨hler manifold and Jˆ is compatible
with the decomposition (3.1), then the following statements are equivalent:
(i) the splitting (3.1) is ∇¯-parallel,
(ii) the fundamental tensors Aˆ and Tˆ satisfy:
TˆVX = 0, Jˆ TˆVW = −TˆV JˆW ⇔ Jˇ TˆVW = TˆV JˇW for Jˇ =
ˆˆ
J, (4.8)
AˆXV =
1
2
Jˆ(∇ˆX Jˆ)V, AˆXY =
1
2
πV
(
Jˆ(∇ˆX Jˆ)Y
)
. (4.9)
2.) If it holds (∇ˆV Jˆ)W = 0 then ∇¯VW ∈ V for V,W ∈ V is equivalent to TVW = 0. Moreover it
is (∇ˆVV Jˆ)W = 0.
Proof. First we compute
∇¯VW = ∇ˆVW −
1
2
Jˆ(∇ˆV Jˆ)W
= ∇ˆVVW + TˆVW −
1
2
Jˆ(∇ˆVV Jˆ)W −
1
2
(Jˆ TˆV (JˆW ) + TˆVW )
= ∇ˆVVW −
1
2
Jˆ(∇ˆVV Jˆ)W +
1
2
(TˆVW − Jˆ TˆV (JˆW )).
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The first two terms lie in V , the second terms lie inH and therefore the expression is in V if and only
if Jˆ TˆV (JˆW ) = TˆVW ⇔ TˆV (JˆW ) = −JˆTˆVW. From 0 = πH(∇¯XV ) = πH(∇ˆXV − 12 Jˆ(∇ˆX Jˆ)V )
one determines
AˆXV = πH(∇ˆXV ) =
1
2
πH
(
Jˆ(∇ˆX Jˆ)V
)
=
1
2
Jˆ(∇ˆX Jˆ)V.
The last equality follows from Lemma 5.3 (ii) part b). Conversely, if AˆXV is given by the last
formula one gets
∇¯XV = ∇ˆXV −
1
2
Jˆ(∇ˆX Jˆ)V = ∇ˆXV − AˆXV = πV (∇ˆXV ) ∈ V .
With the same identity we calculate
πV(∇¯VX) = πV
(
∇ˆVX −
1
2
Jˆ(∇ˆV Jˆ)X
)
= πV(∇ˆVX + AˆXV ) = πV(∇ˆVX).
This is in H if and only if TˆVX = πV(∇ˆVX) = 0. The last component, i.e. πV(∇¯XY ) =
πV
(
∇ˆXY −
1
2 Jˆ(∇ˆX Jˆ)Y
)
is zero if and only if we have AˆXY = πV(∇ˆXY ) = 12πV
(
Jˆ(∇ˆX Jˆ)Y
)
.
2.) With (∇ˆV Jˆ)W = 0 we calculate
∇¯VW = ∇ˆVW +
1
2
(∇ˆV Jˆ)JˆW = ∇ˆ
V
VW + TˆVW.
This lies in V if and only if TˆVW = 0. 
We apply Proposition 4.2 to twistor spaces and obtain.
Corollary 4.4. The twistor space Z of a quaternionic Ka¨hler manifold of dimension 4k with
negative scalar curvature admits a canonical nearly pseudo-Ka¨hler structure of reducible holonomy
contained in U(1)× U(2k).
Proof. We remark that in negative scalar curvature the twistor space of a quaternionic Ka¨hler
manifold is the total space of a pseudo-Riemannian submersion with totally geodesic fibers. It
admits a compatible pseudo-Ka¨hler structure of signature (2, 4k), cf. Besse [3] 14.86 b). The
assumption of positive scalar curvature is often made to obtain a positive definite metric on Z.
Here we focus on pseudo-Riemannian metrics and consequently on negative scalar curvature. 
Proposition 4.5. The twistor spaces Z of non-compact duals of Wolf spaces and of Alekseevskian
spaces admit a nearly pseudo-Ka¨hler structure.
Proof. Non-compact duals of Wolf spaces are known [22] to be quaternionic Ka¨hler manifolds of
negative scalar curvature. The same holds for Alekseevskian spaces [1, 6]. 
Studying the lists given in [1, 6, 22] we find examples of six-dimensional nearly pseudo-Ka¨hler
manifolds.
Corollary 4.6. The twistor spaces Z of H˜P 1 = Sp(1, 1)/Sp(1)Sp(1) and SU(1, 2)/S(U(1)U(2))
provide six-dimensional nearly pseudo-Ka¨hler manifolds.
Remark 4.7. The situation in negative scalar curvature is more flexible than in the positive case.
This is illustrated by the following results in this area: In the main theorem of [17] it is shown
that the moduli space of complete quaternionic Ka¨hler metrics on R4n is infinite dimensional. A
construction of super-string theory, called the c-map [11], yields continuous families of negatively
curved quaternionic Ka¨hler manifolds. These results show that Corollary 4.4 is a good source of
examples.
Another source of examples is given by twistor spaces over para-quaternionic Ka¨hler mani-
folds. Since these manifolds are less classical than quaternionic Ka¨hler manifolds, we recall some
definitions (cf. [2] and references therein).
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Definition 4.8. Let (ǫ1, ǫ2, ǫ3) = (−1, 1, 1) or some permutation thereof. An almost para-
quaternionic structure on a differentiable manifold M4k is a rank 3 sub-bundle Q ⊂ End (TM),
which is locally generated by three anti-commuting endomorphism-fields J1, J2, J3 = J1J2. These
satisfy J2i = ǫiId for i = 1, . . . , 3. Such a triple is called standard local basis of Q. A linear torsion-
free connection preserving Q is called para-quaternionic connection. An almost para-quaternionic
structure is called a para-quaternionic structure if it admits a para-quaternionic connection. An
almost para-quaternionic hermitian structure (M,Q, g) is a pseudo-Riemannian manifold endowed
with a para-quaternionic structure such that Q consists of skew-symmetric endomorphisms. For
n > 1 (M4k, Q, g) is a para-quaternionic Ka¨hler manifold if Q is preserved by the Levi-Civita
connection of g. In dimension 4 a para-quaternionic Ka¨hler manifoldM4 is an anti-self-dual Einstein
manifold.
We use the same notions omitting the word ”para” for the quaternionic case. The condition
that Q is preserved by the Levi-Civita connection is in a given standard local basis {Ji}
3
i=1 of Q
equivalent to the equations
∇XJi = −θk(X)ǫjJj + θj(X)ǫkJk, for X ∈ TM, (4.10)
where i, j, k is a cyclic permutation of 1, 2, 3 and {θi}
3
i=1 are local one-forms. In the context of
para-quaternionic manifolds one can define twistor spaces for s = 1, 0,−1
Zs := {A ∈ Q |A2 = sId, with A 6= 0}.
The case of interest in this text is Z = Z−1, since this twistor space is a complex manifold,
such that the conditions of Proposition 4.2 hold true (cf. [2]). Therefore we obtain the following
examples of nearly pseudo-Ka¨hler manifolds.
Corollary 4.9. The twistor space Z of a para-quaternionic Ka¨hler manifold with non-zero
scalar curvature of dimension 4k admits a canonical nearly pseudo-Ka¨hler structure of reducible
holonomy contained in U(k, k)× U(1).
Example 4.10. The para-quaternions H˜ are the R-algebra generated by {1, i, j, k} subject to
the relations i2 = −1, j2 = k2 = 1, ij = −ji = k. Like the quaternions, the para-quaternions
are a real Clifford algebra which in the convention of [18] is H˜ = Cl1,1 ∼= Cl0,2 ∼= R(2). One
defines the para-quaternionic projective space H˜Pn by the obvious equivalence relation on the
para-quaternionic right-module H˜n+1 of (n+1)-tuples of para-quaternions. The manifold H˜Pn is
a para-quaternionic Ka¨hler manifold [4] in analogue to quaternionic projective space HPn. This
yields examples of the type described in the last Corollary.
5. Reducible nearly pseudo-Ka¨hler manifolds
In this section we study the case of a nearly pseudo-Ka¨hler manifold (M2n, J, g), such that the
holonomy of the canonical connection ∇¯ is reducible, in the sense that the tangent bundle TM
admits a splitting
TM = H⊕ V
into two ∇¯-parallel sub-bundles H,V , which are orthogonal and invariant with respect to the
almost complex structure J.
5.1. General properties. In this subsection we carefully check, generalizing [20] to pseudo-
Riemannian foliations, the information which follows from the decomposition into the J-invariant
sub-bundles.
Lemma 5.1. In the situation of this section and for a vector field X in H, a vector field Y in
TM and vector fields U, V in V it is
R¯(X,Y, U, V ) = g ([∇UJ,∇V J ]X,Y )− g ((∇XJ)Y, (∇UJ)V ) . (5.1)
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Proof. Since H and V are ∇¯-parallel it follows R¯(Y, U,X, V ) = 0 and using equation (1.8) we get
R(Y, U,X, V ) =
1
2
g((∇Y J)U, (∇XJ)V )
−
1
4
[g((∇Y J)X, (∇UJ)V )− g((∇Y J)V, (∇UJ)X)]
= −
1
2
g((∇V J)(∇UJ)Y,X)
−
1
4
[g((∇Y J)X, (∇UJ)V )− g((∇UJ)(∇V J)Y,X)] .
The first Bianchi identity yields
R(X,Y, U, V ) = −R(Y, U,X, V )−R(U,X, Y, V )
= −R(Y, U,X, V ) +R(X,U, Y, V )
=
3
4
g ([(∇V J), (∇UJ)]Y,X) +
1
2
g((∇Y J)X, (∇UJ)V ).
Replacing the last expression into
R¯(X,Y, U, V ) = R(X,Y, U, V )−
1
2
g((∇XJ)Y, (∇UJ)V )
+
1
4
[g((∇XJ)U, (∇Y J)V )− g((∇XJ)V, (∇Y J)U)]
proves the Lemma. 
Corollary 5.2. For vector fields X,Y in H and V,W in V one has
(i) (∇XJ)(∇V J)W = 0; (∇V J)(∇XJ)Y = 0;
(ii) (∇XJ)(∇Y J)Z belongs to H for all Z ∈ Γ(H);
(iii) (∇V J)(∇WJ)X belongs to H; and (∇XJ)(∇Y J)V belongs to V .
Proof.
(i) follows from the fact, that R¯(JX, JY, V,W ) = R¯(X,Y, V,W ) and that the first term of equation
(5.1) has the same symmetry with respect to J. This yields on the one hand
g ((∇JXJ)JY, (∇V J)W ) = g ((∇XJ)Y, (∇V J)W )
and on the other hand it is
g ((∇JXJ)JY, (∇V J)W ) = −g ((∇XJ)Y, (∇V J)W ) .
Consequently one has g ((∇XJ)Y, (∇V J)W ) = 0. Exchanging H and V finishes part (i).
(ii) From (i) one gets the vanishing of
g((∇V J)(∇Y J)Z,X) = g(Z, (∇Y J)(∇V J)X) = −g(Z, (∇Y J)(∇XJ)V ) = −g((∇XJ)(∇Y J)Z, V ).
(iii) From (i) it follows 0 = R¯(X,U, V,W ) = g([∇V J,∇WJ ]X,U). This yields [∇V J,∇WJ ]X ∈ H
and by [∇V J,∇JWJ ]JX = −{∇V J,∇WJ}X ∈ H we get the first part. The second part follows
by replacing H and V . 
5.2. Co-dimension two. Motivated by the above section on twistor spaces we suppose from now
on that the real dimension of V is two.
Lemma 5.3. Let dimR(V) = 2.
(i) Then the restriction of the metric g is either of signature (2, 0) or (0, 2).
(ii) a) T (V,W ) = 0 for all V,W ∈ V .
b) T (X,U) ∈ H for all X ∈ H and U ∈ V .
c) In dimension six it is T (X,Y ) ∈ V for all X,Y ∈ H.
d) Span{πV(T (X,Y )) |X,Y ∈ H} = V .
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Proof. Let V ∈ V with g(V, V ) 6= 0, then it is V = span{V, JV }. (i) It holds g(JV, JV ) = g(V, V ) 6=
0. This proves (i).
(ii) In the following we denote by X,Y (local) sections of H and by U, V (local) sections of
V : The part a) follows from T (V, V ) = T (JV, JV ) = 0 and from the formula for the torsion
T (V, JV ) = −J(∇V J)JV = −(∇V J)V = 0.
Part b) follows from the fact that g((∇UJ)Y, V ) and g((∇UJ)Y, JV ) are three-forms: This implies,
that one has g((∇UJ)X,V ) = −g((∇UJ)V,X)
a)
= 0 and g((∇UJ)X, JV ) = −g((∇UJ)V, JX)
a)
= 0.
Hence the projection of T (X,U) on V vanishes and part b) follows. Next we show part d). There
exists a pair X,Y, such that πV (T (X,Y )) 6= 0. Then it follows πV(T (X, JY )) = −JπV(T (X,Y )) 6=
0 and part d) holds true. If there were no such pair X,Y then it follows −g(T (X,Y ), V ) =
g(J(∇XJ)Y, V ) = −g(J(∇V J)Y,X) = 0 for all X,Y ∈ H, V ∈ V and consequently using a) and
b) it follows∇V J = 0. This contradicts the fact, thatM is strict nearly Ka¨hler. It remains part c).
As T (X,Y ) 6= 0 it follows that X and Y are linear independent. From the symmetries of T (X,Y )
one concludes, that spanR{X,Y, JX, JY } ⊂ H has real dimension 4 and hence coincides with H.
Using the symmetries of ∇J one gets T (X,Y ), T (X, JY ), T (JX, Y ), T (JX, JY ) ∈ V . This finishes
the proof. 
Corollary 5.4. Let dimR(V) = 2. Then the foliation V has totally geodesic fibers and the O’Neill
tensor is given by AXY =
1
2πV(J(∇XJ)Y ) and AXV =
1
2J(∇XJ)V. Moreover it is ∇
VJ = 0.
Proof. From Lemma 5.3 (ii) a) we obtain (∇V J)W = 0 with V,W ∈ Γ(V). By Lemma 4.3 part 2)
it follows TVW = 0 and ∇
VJ = 0, since the decomposition H⊕V is ∇¯ parallel. Part 1) of Lemma
4.3 finishes the proof. 
Proposition 5.5. Let (M,J, g) be a nearly pseudo-Ka¨hler manifold such that the property of
Lemma 5.3 (ii) c) is satisfied and such that V has dimension 2, then (M, Jˇ = Jˆ , gˇ = g2) is a
pseudo-Ka¨hler manifold1.
It is natural to suppose the property of Lemma 5.3 (ii) c), since this holds true in the cases of
twistorial type which are studied in the next sections.
Proof. By the last Corollary the data of the submersion is Tˇ = T ≡ 0, AXY = AˇXY =
1
2πV(J(∇XJ)Y ) and AˇXV = 2AXV = J(∇XJ)V. Since A anti-commutes with J it commutes
with Jˇ . This yields the conditions (4.3) and (4.4) of Lemma 4.1 on the triple Aˇ, Tˇ , Jˇ . Further it
holds ∇VJ = 0. From the reasoning of equation (4.5) we obtain πH((∇ˇX Jˇ)Y ) = πH((∇XJ)Y )
which vanishes by the property of Lemma 5.3 (ii) c). By an analogous argument we get from equa-
tion (4.6) the identity πV ((∇ˇX Jˇ)V ) = −πV((∇XJ)V ). This vanishes by Lemma 5.3 (ii) b). From
equation (4.7) we derive −πH((∇XJ)V )
n.K.
= πH((∇V J)X) = πH((∇ˇV Jˇ)X) + 2πH(JAXV ). The
definition of AXV yields πH((∇ˇV Jˇ)X) = 0. These are all the identities needed to apply Lemma
4.1. 
Proposition 5.6. Let X,Y be vector fields in H and V1, V2, V3 be vector fields in V . Suppose
that it holds T (V,W ) = 0 for all V,W ∈ V then it is
R¯((∇XJ)JY, V1, V2, V3) = g(JY, [∇V1J, [∇V2J,∇V3J ]]X). (5.2)
Moreover, one has ∇¯U R¯(V1, V2, V3, V4) = 0.
Proof. For V1, V2, V3 ∈ V and X ∈ H the second Bianchi identity gives
− σ
XY V1
∇¯X(R¯)(Y, V1, V2, V3) = σ
XY V1
R¯((∇XJ)JY, V1, V2, V3).
As the decomposition H ⊕ V is ∇¯-parallel the terms on the left hand-side vanish due to the
symmetries (1.10) of the curvature tensor R¯. The right hand-side is determined with the help
of Lemma 5.1 and Corollary 5.2. If we apply ∇¯ to the formula (5.2) we obtain by ∇¯(∇J) = 0
the identity g
(
∇¯U (R¯)(V1, V2, V3), (∇XJ)Z
)
= 0 with Z = JY. This yields the proposition using
Lemma 5.3 (ii) part d). 
1Here we use ·ˇ for the inverse construction of ·ˆ.
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5.3. Six-dimensional nearly pseudo-Ka¨hler manifolds. Before analyzing the general case
we first focus on dimension six.
Lemma 5.7. On a six-dimensional nearly pseudo-Ka¨hler manifold (M6, J, g) the integral man-
ifolds of the foliation V have Gaussian curvature 4α and constant curvature κ = 4α, where α is
the type constant.
Recall that the sign of α is completely determined by the signature of the metric g, cf. section 2.1.
Proof. Let X and V be (local) vector fields of constant length in H and V , respectively. Then it
follows from equation (1.7) and the skew-symmetry of ∇J : g(∇V V,∇XX) = g(∇¯V V, ∇¯XX) = 0.
This identity yields
R(X,V,X, V ) = −g(∇V∇X +∇[X,V ]V,X)
NK
= g(∇XV,∇VX)−
1
2
g(J(∇[X,V ]J)V,X)
L.5.3 (ii) b)
= g(∇XV,∇VX)−
1
2
g(J(∇XJ)V, πH([V,X ]))
(∗)
= g(∇XV,∇VX)−
1
2
g(J(∇XJ)V,∇VX −
1
2
J(∇XJ)V )
= g(∇¯XV,∇VX) +
1
4
g((∇XJ)V, (∇XJ)V )
L.5.3 (ii) b)
= g(∇¯XV, ∇¯VX) +
1
4
g((∇XJ)V, (∇XJ)V )
=
1
4
g((∇XJ)V, (∇XJ)V ).
At the equality (∗) we use Lemma 5.3 (ii) b) which implies, that ∇VX = ∇¯VX+
1
2J(∇V J)X ∈ H
to show
πH([V,X ]) = ∇VX − πH(∇¯XV )−
1
2
J(∇XJ)V
= ∇VX −
1
2
J(∇XJ)V.
Since M6 is strict, we obtain R(X,V,X, V ) = 14αg(X,X)g(V, V ). In addition it holds Ric = 5αg
which implies
5αg(V, V ) = g(Ric(V ), V ) = g(V, V )R(JV, V, JV, V ) +
4∑
i=1
g(ei, ei)R(ei, V, ei, V )
= g(V, V )R(JV, V, JV, V ) +
α
4
4∑
i=1
g(ei, ei)
2g(V, V ),
where {ei}
4
i=1 is an orthogonal frame of H. This equation yields R(JV, V, JV, V ) = 4α and it
follows that the fibers have Gaussian curvature
K =
R(JV, V, JV, V )
g(V, V )g(JV, JV )− g(V, JV )2
= 4α
and constant curvature κ = 4α. 
Proposition 5.8. The manifold (M,J, g) is the total space of a pseudo-Riemannian submersion
π : (M, g)→ (N, h) where (N, h) is an almost pseudo-hermitian manifold and the fibers are totally
geodesic hermitian symmetric spaces. In particular, the fibers are simply connected.
Proof. The foliation which is induced by V is totally geodesic and each leaf is by Proposition 5.6
a locally hermitian symmetric space of complex dimension one.
It is shown in Lemma 5.7 that each leaf has constant curvature κ. In the case κ > 0 the leaves
are compact and we can apply a result of Kobayashi, cf. [3] 11.26, to obtain that the leaves are
simply connected. Since the leaves are also simply connected it follows, that the leaf holonomy is
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trivial and that the foliation comes from a (smooth) submersion (cf. p. 90 of [26]). In the case
κ < 0 we observe, that (M,J,−g) is a nearly pseudo-Ka¨hler manifold of constant type −α. The
same argument shows that the fibers are simply connected. 
Lemma 5.9. Let (M6, g, J) be a strict nearly pseudo-Ka¨hler six-manifold of constant type α.
For an arbitrary normalized2 local vector field V ∈ V , i.e. ǫV = g(V, V ) ∈ {±1}, we consider
the endomorphisms J˜1 := J|H, J˜2 : H ∋ X 7→ (∇V J)X ∈ H and J˜3 = J˜1J˜2. Then the triple
(J˜1, J˜2, J˜3) defines an ǫ-quaternionic triple on H with ǫ1 = −1 and ǫ2 = ǫ3 = sign(−αǫV ) and it
is
πH[(∇χJ˜i)Y ] = −θk(χ) ǫj J˜jY + θj(χ) ǫkJ˜kY,
for a cyclic permutation of i,j,k and with θ1(χ) = sign(α)g(JV, ∇¯χV ), θ2(χ) = −sign(α)
√
|α|g(V, Jχ)
and θ3(χ) = sign(α)
√
|α|g(V, χ). The sub-bundle of endomorphisms spanned by (J˜1, J˜2, J˜3) does
not depend on the choice of V.
Proof. Let A(X) = (∇V J)X for a fixed V ∈ V with ǫV = g(V, V ) ∈ {±1} and an arbitraryX ∈ H.
Then it is
g(A2(X), X) = −g(A(X), A(X)) = −g((∇V J)X, (∇V J)X)
= −αg(V, V )g(X,X)
and we find after polarizing the last expression in X the identity A2(X) = −αǫVX.
Furthermore A is a skew-symmetric endomorphism field and in consequence trace-free. Therefore
the endomorphism field
J˜2 =
1√
|α|
(∇V J)
is a hermitian structure if αǫV > 0 and a para-hermitian structure (since it is trace-free) if αǫV < 0.
Next we set J˜1 = J|H and J˜3 := J˜1 ◦ J˜2 = −J˜2 ◦ J˜1, which follows from (∇J) ◦ J = −J ◦ (∇J)
and observe J˜23 = J˜
2
2 . Moreover these are (para-)hermitian structures, since J and ∇V J are skew-
symmetric w.r.t. the metric g. Hence the triple (J˜1, J˜2, J˜3) is a (para-)quaternionic triple on H
with ǫ1 = −1 and ǫ2 = ǫ3 = sign(−αǫV ). In the following we suppose, that it holds
(∇X J˜1)Y ∈ V , for X,Y ∈ H. (5.3)
This identity yields πH((∇X J˜1)Y ) = 0 and in consequence it is
πH((∇χJ˜1)Y ) = ǫV g(V, χ)(∇V J˜1)Y + ǫV g(JV, χ)(∇JV J˜1)Y
= ǫV g(V, χ)(∇V J˜1)Y + ǫV g(V, Jχ)J(∇V J˜1)Y
= ǫV
√
|α|g(V, χ)J˜2Y + ǫV
√
|α|g(V, Jχ)J˜3Y
!!
= −θ3(χ)ǫ2J˜2Y + θ2(χ)ǫ3J˜3Y,
where we have to define
θ2(χ) = ǫ3ǫV
√
|α|g(V, Jχ) = −sign(α)
√
|α|g(V, Jχ),
θ3(χ) = −ǫ2ǫV
√
|α|g(V, χ) = sign(α)
√
|α|g(V, χ).
Further we compute using the relation (1.7) for ∇ and ∇¯
(∇χJ˜2)Y = ∇¯χ(J˜2Y )− J˜2∇¯χY +
1
2
√
|α|
[J(∇χJ), (∇V J)]Y, for χ ∈ TM, Y ∈ H (5.4)
and get using ∇¯(∇J) = 0
πH[(∇¯χJ˜2)Y ] =
1√
|α|
πH
[
(∇¯χ(∇V J))Y
]
= −
1√
|α|
πH[(∇∇¯χV J)Y ]
= −
1√
|α|
ǫV g(JV, ∇¯χV )(∇JV J)Y =
1√
|α|
ǫV g(JV, ∇¯χV )J(∇V J)Y,
2Constant non-zero length suffices.
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where we recall that ∇¯χV ∈ V has no part parallel to V. Due to equation (5.3) and Lemma 5.3
(ii) the last term of (5.4) lies in V if χ is in H and vanishes if χ is a multiple of JV. For χ = V we
get [J(∇V J), (∇V J)]Y = 2|α|J˜3J˜2Y = 2ǫ2|α|J˜1Y. This shows
πH[(∇χJ˜2)Y ] = ǫ2
√
|α|ǫV g(V, χ)J˜1Y + ǫV g(JV, ∇¯χV )J˜3Y,
= −θ1(χ)ǫ3J˜3Y + θ3(χ)ǫ1J˜1Y,
if we set θ1(χ) = −ǫ3ǫV g(JV, ∇¯χV ) = sign(α)g(JV, ∇¯χV ). It remains to differentiate the third
(para-)complex structure:
(∇χJ˜3)Y = ∇¯χ(J˜3Y )− J˜3∇¯χY +
1
2
√
|α|
[J(∇χJ), J(∇V J)]Y. (5.5)
Again one obtains using ∇¯J = 0 and ∇¯(∇J) = 0 :
πH[(∇¯χJ˜3)Y ] =
1√
|α|
πH[(∇¯χ(J∇V J))Y ] = −
1√
|α|
πH[J(∇∇¯χV J)Y ]
= −
1√
|α|
ǫV g(JV, ∇¯χV )J(∇JV J)Y = θ1(χ)ǫ2J˜2Y.
The last term of equation (5.5) lies (with the help of equation (5.3) and Lemma 5.3 (ii)) in V for
χ ∈ H and vanishes if χ is a multiple of V. For χ = JV we compute [J(∇JV J), J(∇V J)]Y =
[(∇V J), J(∇V J)]Y = 2|α|J˜2J˜3Y = −2ǫ3|α|J˜1Y. This yields
πH[(∇χJ˜3)Y ] = −θ2(χ)ǫ1J˜1Y + θ1(χ)ǫ2J˜2Y.
Given a second section U in V with g(U,U) = g(V, V ) one has U = aV + bJV for real functions
a, b with a2 + b2 = 1. Using this one easily sees that the triple induced by V and the one by U
(locally) spans the same sub-bundle Q of endomorphisms of H. 
Lemma 5.10. Let (M6, g, J) be a strict nearly pseudo-Ka¨hler six-manifold of constant type α.
Let s : U ⊂ N →M be a (local) section3 of π on some open set U. Define φ by
φ = s∗ ◦ π∗ : Hs(n)
pi∗→ TnN
s∗→ s∗(TnN) ⊂ Ts(n)M, for n ∈ N
and set Ji|n := π∗ ◦ J˜i|s(n) ◦ (π∗|H)−1 for i = 1, . . . , 3, where J˜i are defined in Lemma 5.9. Then
(J1, J2, J3) defines a local ǫ-quaternionic basis preserved by the Levi-Civita connection ∇
N of N.
Proof. We choose U such that the section s is a diffeomorphism onto W = s(U) and a vector field
V in V defined on a subset containingW. As π is a pseudo-Riemannian submersion we obtain from
π∗ ◦ s∗ = 1 that s is an isometry from U onto W. Therefore it holds s∗(∇NXY ) = π
s∗TN [∇s∗Xs∗Y ]
which yields ∇NXY = π∗(∇s∗Xs∗Y ) and
(π∗|H)
−1(∇NXY ) = π
H(∇s∗Xs∗Y ). (5.6)
For convenience let us identify U and W or in other words consider s as the inclusion W ⊂ M.
Then the projection on s∗TN is φ = s∗π∗ = π∗|H. Moreover we need the (tensorial) relation
∇NX(π∗Z)− π∗π
H(∇MX Z) = 0 or equivalently ∇
N
X Z˜ − π∗π
H(∇MX φ
−1Z˜) = 0,
which can be directly checked for basic vector fields. Using this identity we get for i = 1, . . . , 3
∇NX(JiY ) = ∇
N
X(φ J˜iφ
−1Y ) = φ∇MX (J˜iφ
−1Y ) = φ (∇MX J˜i)φ
−1Y + φ J˜i∇MX (φ
−1Y )
= φ (∇MX J˜i)φ
−1Y + φ J˜i φ−1∇NXY = φ (∇
M
X J˜i)φ
−1Y + Ji∇NXY,
which reads (∇NXJi)Y = φ (∇
M
X J˜i)φ
−1Y. This finishes the proof, since the right hand-side is
completely determined by Lemma 5.9. Therefore we have checked the condition (4.10), i.e. the
manifold N is endowed with a parallel skew-symmetric (para-)quaternionic structure, see also [3]
10.32 and 14.36. 
3Local sections exist, since pi is locally trivial [3] 9.3.
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5.4. General dimension. In the last section we have seen that in dimension six the tensor ∇V J
induces a (para-)complex structure on H. This motivates the following definition.
Definition 5.11. The foliation induced by TM = H ⊕ V is called of twistorial type if for all
p ∈M there exists a V ∈ Vp such that the endomorphism
∇V J : Hp → Hp
is injective.
Obviously, if ∇V J defines a (para-)complex structure, then the foliation is of twistorial type.
Proposition 5.12.
(a) If the metric induced on H is definite, then the foliation is of twistorial type.
(b) If the foliation is of twistorial type, then for all p ∈ M and all 0 6= U ∈ Vp the endomor-
phism
∇UJ : Hp → Hp
is injective.
(c) It holds with A := ∇V J for some vector field V in V of constant length and for vector
fields X ∈ H and χ ∈ TM
∇¯χ(A
2)X = 0. (5.7)
Further it holds [A2, (∇UJ)] = 0 for all U ∈ V and
∇U (A
2)X = 0 (5.8)
for vector fields U in V .
Proof. Part (a) follows from (∇V J)X ∈ H for X ∈ H and V ∈ V , cf. Lemma 5.3 (i). For (b) we
observe, that if ∇V J is injective so is ∇JV J = −J∇V J. As V is of dimension two {V, JV } with
V 6= 0 is an orthogonal basis. With a, b ∈ R it follows g((a∇V J+b∇JV J)X, (a∇V J+b∇JV J)X) =
(a2 + b2) g((∇V J)X, (∇V J)X), which yields, that ∇aV+bJV J : Hp → Hp is injective since a 6= 0
or b 6= 0. It remains to prove part (c). We first observe, that, since V has constant length and
since ∇¯ is a metric connection and preserves V , it follows ∇¯χV = α(χ)JV for some one-form α.
From ∇¯(∇J) = 0 we obtain
(∇¯χA)X = (∇¯χ(∇V J))X = (∇∇¯χV J)X = α(χ)(∇JV J)X = −α(χ)JAX
and we compute using {A, J} = 0
∇¯χ(A
2)X = A(∇¯χA)X + (∇¯χA)AX = −α(χ)[A(J(AX)) + JA
2X ] = 0.
The expression [A2, (∇UJ)] = 0 is tensorial in U and vanishes for U = V. Therefore we only
need to compute [A2, (∇JV J)] = −[A
2, J(∇V J)] = −J [A
2, (∇V J)] = 0, where we used that A
2
commutes with J. This implies
∇U (A
2)X = ∇¯U (A
2)X +
1
2
[J(∇UJ), A
2]X = −
1
2
[(∇JUJ), A
2]X = 0
and proves part (c). 
In the following V is a local vector field of constant length ǫV = g(V, V ) ∈ {±1}.
We denote by Ω the curvature form of the connection induced by ∇¯ on the (complex) line bundle
V , which is given by
R¯(X,Y )V = Ω(X,Y )JV, for X,Y ∈ TM, V ∈ V .
Proposition 5.13. If the foliation is of twistorial type,
(i) then the endomorphism A := ∇V J|H satisfies A2 = κǫV 1H for some real constant κ 6= 0
and
Ω = −2κ(2ωV − ωH),
where ωH(X,Y ) = g(X, JY ) is the restriction of the fundamental two-form ω to H;
(ii) for X,Y in H it is (∇XJ)Y ∈ V .
The proof of this proposition is divided in several steps.
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Lemma 5.14.
(i) For X,Y in H and V in V it is R¯(X,Y, V, JV ) = −2g((∇V J)
2X, JY ).
(ii) For a given X in H and V in V it follows R¯(X,V, V, JV ) = 0.
Proof. (i) Since H is ∇¯-parallel we obtain, that σ
XY V
R¯(X,Y, V, JV ) = R¯(X,Y, V, JV ). This is the
left hand-side of the first Bianchi identity (1.12) . The right hand-side reads
− σ
XY V
g((∇XJ)Y, (∇V J)JV ) = −g((∇V J)X, (∇Y J)JV )− g((∇Y J)V, (∇XJ)JV )
= −2g((∇V J)
2X, JY ).
(ii) From the symmetries (1.10) of the curvature tensor R¯ it follows R¯(X,V, V, JV ) = R¯(V, JV,X, V ).
This expression vanishes since H is ∇¯-parallel. 
From the last lemma we derive the more explicit expression of the curvature form Ω :
Ω = fωV + ǫV α, (5.9)
where f is a smooth function, ωV is the restriction of the fundamental two-form ω = g(·, J ·) to V
and α(X,Y ) = −2g(A2X, JY ).
Lemma 5.15. It holds with U ∈ V and X,Y ∈ H :
dωV(X,U, JU) = 0, (5.10)
dα(X,U, JU) = 0, (5.11)
dωV(U,X, Y ) = −g(∇UJ)X,Y ), (5.12)
dα(U,X, Y ) = 4g(A2(∇UJ)X,Y ). (5.13)
Proof. For vector fields A,B,C on M it is
(∇Aω
V)(B,C) = AωV(B,C)− ωV(∇AB,C)− ωV(B,∇AC) = AωV(B,C)
−ωV
(
∇¯AB +
1
2
J(∇AJ)B,C
)
− ωV
(
B, ∇¯AC +
1
2
J(∇AJ)C
)
.
If two of them are X,Y ∈ H and one is U ∈ V we check using the definition of ωV , the information
of Lemma 5.3 and that the decomposition H⊕ V is ∇¯-parallel:
∇Uω
V(X,Y ) = 0,
∇Xω
V(U, Y ) = −ωV(U,∇XY ) = −
1
2
ωV(U, J(∇XJ)Y ),
∇Y ω
V(X,U) = −ωV(∇YX,U) = −
1
2
ωV(J(∇Y J)X,U).
By the symmetries of ω(J∇·J ·, ·) we conclude dωV(U,X, Y ) = −g((∇UJ)X,Y ). Next we suppose
X ∈ H and U ∈ V and obtain with Lemma 5.3:
∇Xω
V(U, JU) = −ωV(∇¯XU, JU)− ωV(U, ∇¯X(JU)) = 0,
∇Uω
V(X, JU) = −
1
2
ωV(J(∇UJ)X, JU)−
1
2
ωV(X, J(∇UJ)JU) = 0,
∇JUω
V(U,X) = −
1
2
ωV(J(∇JUJ)U,X)−
1
2
ωV(U, J(∇JUJ)X) = 0.
This shows dωV(X,U, JU) = 0. Let X,Y ∈ H and U ∈ V . From α(U, ·) = 0 we conclude
(∇Uα)(X,Y ) = −2
[
g(∇U (A
2)X,Y ) + g(A2X, (∇UJ)Y )
] (5.8)
= −2g(A2X, (∇UJ)Y ),
(∇Xα)(U, Y ) = −g(A
2(∇UJ)X,Y ), (∇Y α)(U,X) = −g(A
2(∇UJ)Y,X),
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which finishes the proof of dα(U,X, Y ) = 4g(A2(∇UJ)X,Y ), since [A
2,∇UJ ] = 0 for all U ∈ V .
We now prove the last identity
(∇Uα)(JU, Y ) = −α(∇¯UJU +
1
2
J(∇UJ)JU, Y )− α(JU, ∇¯UY +
1
2
J(∇UJ)Y ) = 0,
(∇JUα)(Y, U) = −α(∇¯JUY +
1
2
J(∇JUJ)Y, U)− α(Y, ∇¯JUU +
1
2
J(∇JUJ)U) = 0,
(∇Y α)(U, JU) = −α(∇¯Y U +
1
2
J(∇Y J)U, JU)− α(U, ∇¯Y JU +
1
2
J(∇Y J)JU) = 0,
where we used α(W, ·) = −α(·,W ) = 0 for W ∈ V . This finally shows dα(X,U, JU) = 0. 
Proof. (of the Proposition 5.13) (i) Let X,Y be vector fields in H and V be a local vector field in
V of constant length. Since Ω as a curvature form of a (complex) line bundle is closed, we obtain
from equation (5.9) −ǫV dα = fdω
V + df ∧ ωV . The equations (5.10) and (5.11) imply df|H = 0.
This implies [X,Y ]f = 0 and using that H is ∇¯-parallel we obtain (∇¯XY )f = 0 = (∇¯YX)f which
yields finally 0 = T ∇¯(X,Y )(f) = −[J(∇XJ)Y ](f). By Lemma 5.3 (ii) d) the last equation shows
df|V = 0. Since M is connected, it follows f ≡ −κ for a constant κ.
Again using dΩ(V,X, Y ) = 0 equation (5.12) and (5.13) yield for arbitrary X,Y
κg((∇V J)X,Y ) + 4ǫV g(A
2(∇V J)X,Y ) = 0.
This implies (∇V J)(κ1H + 4ǫVA2) = 0. Since the foliation is of twistorial type, it follows
A2 = −ǫV
κ
4
1H = −ǫV α1H
if we set 4α = κ in analgogue to dimension six.
(ii) Since Ω is closed, it follows from part (i) and dωV(X,Y, Z) = 0 for X,Y, Z ∈ H that it is
dωH(X,Y, Z) = 0. Using dωH(X,Y, Z) = 3g((∇XJ)Y, Z) yields part (ii). 
Proposition 5.16. Let (M4k+2, g, J) be a strict nearly pseudo-Ka¨hler manifold of twistorial
type. Let s : U ⊂ N →M be a (local) section of π on some open set U. Define φ by
φ = s∗ ◦ π∗ : Hs(n)
pi∗→ TnN
s∗→ s∗(TnN) ⊂ Ts(n)M, for n ∈ N
and set Ji|n := π∗ ◦ J˜i|s(n) ◦ (π∗|H)−1 for i = 1, . . . , 3, where J˜i are defined in Lemma 5.9. Then
(J1, J2, J3) defines a local ǫ-quaternionic basis preserved by the Levi-Civita connection ∇
N of N.
Proof. The proof of Proposition 5.9 only uses A2 = κǫV 1 and (∇XJ)Y ∈ V for X,Y ∈ H. There-
fore we can generalize it by means of Proposition 5.13 to strict nearly pseudo-Ka¨hler manifolds of
twistorial type. 
5.5. The twistor structure. In this subsection we finally characterize the nearly pseudo-Ka¨hler
structures, which are related to the canonical nearly Ka¨hler structure of twistor spaces.
Theorem 5.17.
(i) The manifold (M,J = Jˇ , gˇ = g2) is a twistor space of a quaternionic pseudo-Ka¨hler
manifold, if it is ǫV α > 0.
(ii) The manifold (M,J = Jˇ , gˇ = g2) is a twistor space of a para-quaternionic Ka¨hler manifold,
if it is ǫV α < 0.
Proof. Denote by πZ : Z → N the twistor space of the manifoldN endowed with the parallel skew-
symmetric (para-)quaternionic structure constructed from the foliation π : M → N of twistorial
type, cf. Proposition 5.9 for dimension six and Proposition 5.16 for general dimension. We observe
that the restriction of J to H yields a (smooth) map
ϕ : M → Z, m 7→ dπm ◦ Jm |H ◦ (dπm|H)
−1 =: jpi(m),
which by construction satisfies πZ ◦ ϕ = π and as a consequence dπZ ◦ dϕ = dπ. Since π and πZ
are pseudo-Riemannian submersions, the last equation implies that dϕ induces an isometry of the
according horizontal distributions and maps the vertical spaces into each other. Let us determine
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the differential of ϕ on V .
Claim: For V ∈ V one has
dϕ(V ) = 2 dπ ◦ (∇V J) ◦ (dπ|H)
−1,
dϕ(JV ) = 2 dπ ◦ (∇JV J) ◦ (dπ|H)−1 = −2 dπ ◦ J(∇V J) ◦ (dπ|H)−1.
To prove the claim we consider a (local) vector field V ∈ V and a (local) integral curve γ of V on
some interval I ∋ 0 with γ(0) = m. Let X be a vector field in N. Denote by X˜ the horizontal lift
of X. The Lie transport of X˜ along the vertical curve γ projects to X, i.e. it holds dπγ(t)(X˜) = X
for all t ∈ I and in consequence
(
dπγ(t) |H
)−1
X = X˜. In other words dπ commutes with this Lie
transport, which implies
dϕ(V )X = dπ((LV J)X˜),
as one directly checks using basic vector fields. Therefore we need to determine the Lie-derivative
L of J :
πH((LV J)X˜) = πH([V, JX˜]− J [V, X˜])
= πH
(
∇V (JX˜)−∇JX˜V − J∇V X˜ + J∇X˜V
)
= πH
(
(∇V J)X˜ −
1
2
J(∇JX˜J)V +
1
2
J (J(∇X˜J))V
)
= 2(∇V J)X˜.
This shows dϕ(V ) = 2 dπ◦(∇V J)◦(dπ|H)−1, which implies dϕ(JV ) = 2 dπ◦(∇JV J)◦(dπ|H)−1 =
−2 dπ ◦ J(∇V J) ◦ (dπ|H)−1. Given a local section s : N →M and the associated adapted frame
of the (para-)quaternionic structure it follows that ϕ ◦ s is J1, dϕ(V ) is related to J2 and dϕ(JV )
to −J3 which span the tangent space of the fiber Fpi(m) = S
2 in ϕ(m). The complex structure of
Z maps J2 to J3. Hence dϕ is complex linear for the opposite complex structure Jˇ on M. Further
one sees in this local frame that ϕ maps horizontal part into horizontal part. Therefore ϕ is an
isometry for the metric gˇ = g2, i.e. the parameter t = 2 in the canonical variation of the metric g.
This means that (M, Jˇ, gˇ = g2) is isometrically biholomorph to Z. 
Combining Theorem 2.13 and Theorem 5.17 we obtain Theorem A.
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